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Class website: http://www.jaceksuda.com/teach/
Email: jacek.suda@sgh.waw.pl
Office hours: by appointment
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Website Description Prerequisites Requirements Readings Outline

Description

The purpose of this course is to familiarize students with current tech-
niques used in macroeconomic time series models with applications in
macroeconomics, international finance, and finance; with the ultimate
aim of providing necessary tools to conduct original research in the area.

The focus is on implementation of the models presented in the course.

Topics include ARMA models, (B/S)VARs and impulse response func-
tions; local projection; unit roots, and structural breaks; spurious re-
gressions; cointegration and VECM; ARCH models of volatility, and

trend/cycle decomposition methods, including Kalman filtering.

We will mostly work with the classical framework in the time domain
but will also talk about Bayesian approach.
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statistics and econometrics.

I will assume some familiarity with matrix algebra and introductory

The course is the continuation of “Econometrics” course but we will
also review the univariate time series analysis in this course.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Website Description Prerequisites Requirements Readings Outline

Requirements

Attending lectures and participating in classroom discussions is
essential to the learning process.

There will be two homeworks and a paper-reading assignment.
The class ends with a take-home exam.

The assignments and exam will require the use of econometrics
software.

The weights in determining your grade are given as follows:

Homework assignments 30%
Paper presentation 30%
Final exam 40%
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Website Description Prerequisites Requirements Readings Outline

Readings

The book that covers most of the material is

o Time Series Analysis by James D. Hamilton, Princeton University Press,
1994.

Other texts are

o State-Space Models with Regime Switching by Chiang-Jin Kim and
Charles R. Nelson, MIT Press, 1999.

o New Introduction to Multiple Time Series Analysis by Helmut Liitkepohl,
Springer-Verlag, 2005.

e Introduction to Bayesian Econometrics by Edward Greenberg, Cambridge
University Press, 2007.

o Time Series and Panel Data Econometrics by M. Hashem Pesaran,
Oxford University Press, 2015.

o Applied Econometric Time Series by Walter Enders, Wiley, 2010.

The readings include journal articles and chapters from the above books.
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Syllabus Stationarity ARMA AR MA Selection Estimation Foreca

Outline

Website Description Prerequisites Requirements Readings Outline

@ Stationary Time Series Analys
e Overview of ARMA models

e State-Space Representation
o Kalman Filter
@ Structural Analysis

Granger Causality, VAR, IRFs, Estimation, Variance decomposition
e Reduced-form and structural VAR models

e Bayesian VAR models
e Jorda’s local projection
© Unit Roots and Structural Breaks
o Unit root tests
e Structural break tests
e Trend/cycle decomposition
o Cointegration
e VEC models
© Nonlinearity (time permitting)
o ARCH/GARCH models
e Markov switching
o Time-varying parameters
o Gibbs sampling
o Threshold models
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Outline:

@ Covariance-Stationary Processes
@ Wold Decomposition Theorem

©@ ARMA Models

@ Auto-Correlation Function (ACF)

@ Partial Auto-Correlation Function (PACF)
© Model Selection

@ Estimation

© Forecasting
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STATIONARITY
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@ Stochastic process: a collection of random variables

{"'7Y—17YO7 Y17Y2a

) YT7 < } = {Yt}(iooo
@ Observed series {yi,y2, ..., yr} — realizations of a stochastic process.

We want a model for {Y;}5> to explain observed realizations {y;}1.
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{Y:} is covariance-stationary (weak stationary) if
() EX]=p vt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yi—j — )] =

Vi, j

Note: mean is time-invariant
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{Y:} is covariance-stationary (weak stationary) if
() EX]=p vt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yi—j — )] =

Vi, j

Note: covariance doesn’t depend on ¢
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@ E[Y]=pn Vi

{Y:} is covariance-stationary (weak stationary) if

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yi—j — )] =

Vi, j

Note: Var(Y,) = 7 — variance is also constant.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Stochastic Process Cov-Stationarity Strict Stationary Nonstationary Wold

Covariance-Stationary

Definition

{Y,} is covariance-stationary (weak stationary) if
() Ex]=p ¥t

(i) Cov(¥n, Yiy) = E(Yi — 0)(Yiy — )] =7, Vt,j

o It is weak stationarity because it only relates to the first two moments.
Higher moments can be time-variant.

Examples
@ (Y.} with E(Y,) = 0, Var(Y,) = o2, and E(Y,Y,) = 0 = white noise (WN).
@ Y, ~ iid(0,0%) = independent white noise.
@ Y, ~ iidN(0,0%) = Gaussian white noise.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Stochastic Process Cov-Stationarity ~Strict Stationary Nonstationary Wold

Strict (Strong) Stationary

Definition

{Y,} is (strictly/strongly) stationary if for any values of j1,ja, - . . ,jn the joint
distribution of (Y;, Y1, Yiyjps - - -, Yitj,) depends only on the intervals
separating the dates (ji,ja, . . . ,jn) and not on a date itself (t).

e Forall m, t,tp,...,t,:

FY(ytlayl‘zv N ayt,,) = FY(ytl+Taytz+Ta s 7an+7)

o If a process is strictly stationary with a finite second moment it is also
covariance-stationary.

o Normality = strong stationarity: whole distribution depends on the first
two moments.
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EXamples :

QY =B i1+,

EINWN
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EXampleS ,

° Yt:’B.t—Fet’

g ~ WN

t - time dummy
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EXampleS ,

° Yt:'B.t—Fet’

g ~ WN

deterministic part
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Examples:

QY= 1t+¢,

EINWN

stochastic component
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Examples:

o Yt:ﬂ't+8t7

Er ™~ WN
e E[Y,]=p-t dependsont.

e ButX, =Y, — -t is covariance stationary.
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Examples:

o Yt:;B't_‘_eh

o E[Y/ =5t

Er ™~ WN

depends on z.

e ButX, =Y, — -t is covariance stationary.
Q@Y =Y 1+e,

e Random walk.

e ~ WN, Yy constant
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Examples:

o Yt:/B't_‘_eh

Er ™~ WN
e E[Y,]=p-t dependsont.

e ButX, =Y, — (-1t iscovariance stationary
Q@Y =Y _1+e,

e Random walk.

g, ~ WN, Y, constant
e Solving recursively :

t

Y, = Z g+ Yo.
=1

e E[Y,] = Yo, time-invariant mean.

e But Var(Y;) =t - o* depends on t.

e X, =Y, — Y, is covariance stationary.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Stochastic Process Cov-Stationarity Strict Stationary Nonstationary Wold

Wold’s Decomposition Theorem

Any covariance stationary {Y;} has infinite order, moving-average rep-
resentation:

o0
Yt:ZTZ}jEtfj‘i’Hn Yo =1, ~ WN.
j=0

° ?/fo = 17 2207;[)]2 < 00,

@ &~ W]\[(O7 (72), E(St:“%) =0 vt,S1

e K, deterministic term (perfectly forecastable).
e Example:

® K; = p, constant mean.
o x = acos(\t) + bsin(Ar), A fixed number, Ea = Eb = Eab = 0.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Stochastic Process Cov-Stationarity Strict Stationary Nonstationary Wold

Wold’s Decomposition Theorem

Any covariance stationary {Y;} has infinite order, moving-average rep-

resentation:
oo
Yt:Zd)jEtfjJF/‘Jn Yo =1, ~ WN.
Jj=0
o Yo =127 47 < oo,

@ &~ W]\[(O7 (72), E(St:“%) =0 vt,S1
e K, deterministic term (perfectly forecastable).

e Linear combination of &; (innovations over time),

@ & = Y, - E(Y,‘|Y,_],Yt_27 .. .),

e Weights does not depend on time ¢, they only depend on j, i.e. how long
ago the shock € occurred.
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Syllabus Stationarity ARMA AR MA Selection Estimation Forecasting Stochastic Process Cov-Stationarity Strict Stationary Nonstationary Wold

Wold’s Decomposition Theorem - Illustration

Let X; = Y; — k; (purely indeterministic process). Then,

EX] = > wike] =0,
j=0

oo o0
EX]] = D> YjEle |=0") ¢ <oo,
Jj=0 Jj=0

as &, are uncorrelated; we have constant finite variance.
E[Xt : thj] = E[(€t + Y1€—1 + Y282+ - -)(Et—j + wletfjfl +oe—j2+ .. )]
= P+ Y11 + Yjpathr ..
o0
= J° Z Vi, depends on j not .
k=0

So we have a covariance stationary process in mean and variance.
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@ Approximate Wold form with finite number of parameters.
‘Wold Form:
oo
Yy—p=Y e, &~ WN,
j=0

ARMA(p,q):

Yi—p=¢1(Yie1—p)+. ..+ p(Yip—p) +er+0i1+. ..+ 0,6
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Define the operator L as
LXt = Xt—la
L*X, L-LX, = X,_,.
In general
L Xt Xt k-
If ¢ is a constant
Lc=c
Also,
L7'X, = X,
AXt - (1 - L)Xt

— X1
«4O0r <Fr «=)r» «=>» o>



It satisfies
L(aX, 4+ BY,) = aX,_i+BY,_,
(aL+bL2)Xt = aXt 1+bXt 2
and, When |¢| < 1
lim (1 + oL + 12 +
j—oo

+¢]LJ) (1 _¢L)
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o ARMA(p, q):

Yt_/,l/ == ¢1(Yt—1_1u’)+"'+¢p(Yt—p_l'l’)+€t+01€t—l+‘"+0q€t—q7
or

Yi—p—d (Yo —p)— o= dp(Yiep — 1) = &+ 0161 +. ..+ 06—,
@ With lag operator:
ALY —p) = (L),
where
(L) = 1—¢iL—hl? —...— L7,
O(L) = 1+6,L+60,L%+...+6,L9.

«0O0r «F»r «=»r < > o™



LetX, =Y, — pand w, = (L)e,.

Then

or

¢(L)Xt = Wta

X=X+ ...+ ¢pXt—p + wy,
is a pth-order stochastic difference equation.
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Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting ARMA Models Lag Operator Dynamic Multiplier IRF Cumulative impact

SDE Representation - AR(1) Example

Example: First-order SDE (AR(1)):

X = oXi_1 + ¢, g~ WN

o Solve for Wold Form (recursive substitution)
X = ¢t+1X71 + (thO + (Z5t7181 + ..t pEmr &
$TX Y i

i=0

where X_ is an initial condition and ¢; = ¢i.
e We approximated Wold form with 1 parameter form for AR(1).
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Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting ARMA Models Lag Operator Dynamic Multiplier IRF Cumulative impact

Dynamic Multiplier

The dynamic multiplier measurers the effect of ; on subsequent values
of X:

de, ey v

For the X, being AR(1) process

aXt+j _ )
85[ o 1/}] - (b].

The dynamic multiplier for any linear difference equation depends only
on the length of time j, not on time .
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The impulse-response function is a sequence of dynamic multipliers as
a function of time from the one time impulse to &,

IRF

L 1 s, Time
0
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@ Permanent increase in € attime t,ie. &, = 1,641 = 1,640 =1,...
aXt-i—j

OXiyi  OXpyi OXy
B, +8€t: 8gt:;+...+66t3=1/:,-+1/z,~_1+...+z/)+1
or % X141 OXi12 T OXiyj
e, e, e, Og;
@ In the limit, as j — oo

=Y+ +...+Y+1

. [ox.y;  0X.y 8Xt+~] =
1 oy T ) = F=1(1
Jlim |52 Fern, + Do ,-E=o Y = (1),
where

Y(1) =

= (L

D=14+¢v1+2+...
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AUTOREGRESSIVE PROCESS
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Recall

Xt =

¢Xt—l + €ty

Er ~ WN B
‘Wold coefficients

oo oo
= D Ve =D ey
J=0 J=0

b = o1,

= 0Y1yj
T 0

o If |¢| < 1X; is a stable and stationary solution to first-order SDE.

o

stable solution, and ¢ (1) is infinite.

Ifo=1thenyy; =1V, X, =X_1+ E;:O €;j is neither stationary nor
«0O0r «F»r «=»r < > o>
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AR(1):

X, = X1 +e, g ~ WN,
(1-9oL)X, = &

Multiply both sides by (1 — ¢L)~!:

X = (1- ¢L)_15t
(1 4+ ¢L+ Q*L* + $°L> + .. e,

oo oo
= Z Perj= Z Yigr—j,
j=0 j=0

U(L) = (1-9¢L)"".

«4O0r <Fr «=)r» «=>»
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For AR(1), if |¢| < 1

e the permanent increase in ¢; equals

86, 85t+1 e 85,4.,'
and as j — oo

=1+¢+¢ +¢" +...+¢

YD) =14+¢+¢" +...=1/(1—¢)

o the cumulative consequences for X of a one-time change in €,

— aXH-j

Y el =)
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o Intercept representation for ¥; = X; 4+

Yi=c+ oY1+
@ Mean

E[Y]] = c+ ¢E[Y,-1] + E[e],
Since we have covariance stationary process, E[Y;] = E[Y;—] and
c
ElY] =

=

c=p(l—9¢).
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@ Variance

Var(Y;)

E[(Y, - H)Z]
E[(6(Yi1 — p) + )7

SE[(Yi—1 — )] + 20E[(Yi—1 — p)e] + E[e]).

Since Y; is covariance stationary and ¢, is independently distributed,

Var(Y,) = Var(Y;—1)
and
E[Yi—1&] =0,
S0 R
Var(y,) = —2
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@ Covariance

Cov(Y,, Yi—;) = E[Y,— )Yy — p)]
= QE[(Yim1 — ) (Yij — )] + Eles (Y — )],
Vi = -1

COV(Y[, Yt—])

«4O0r <Fr «=)r» «=>»
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@ Summing up

C —
E[Yt] = 1— ¢ =W,
0.2
Var(Y,) = 1_—¢2 =0,
Cov(Yr,Y,—j) = v =¢y-1.
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@ Define

_
P =

= j™ autocorrelation = corr(Y,, Y,_;)
e For AR(1), pj = ¢pj_1.

e For AR(1) ACF and IRF are the same. In general it not true.
e ACFe< —1,1>.

«4O0r <Fr «=)r» «=>» = o>



e 0<op<1

ACF AR(1), ¢= + 0.6

‘ { I T S )
o —1<¢<O
ot ACF AR(1), ¢=-0.8
1 ‘ { ‘ I | 1
T
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An AR(p) process

Yi—p=¢1(Yim1 —p) + $2(Yica — ) + .o+ ¢p(Yiepy — ) + v,
can be rewritten as a 1* order system

In the state-space, companion form notation

Br=F-Bi_1+e&
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An AR(p) process

Yi—p=¢1(Yim1 —p) + $2(Yica — ) + .o+ ¢p(Yiepy — ) + v,
can be rewritten as a 1* order system

Yi—n Y1 —n
Yi1—n Yio—p
Yt—z - IJ’ = Yt_3 - l“L
Yiopt1 — 1 Yip—n
In the state-space, companion form notation

Br=F-Bi_1+e&

«0O0r «F»r «=»r < > o™



An AR(p) process

Yi—p=¢1(Yim1 —p) + $2(Yica — ) + .o+ ¢p(Yiepy — ) + v,
can be rewritten as a 1* order system

Yi—p Yioi—p Vi
Yioi—p Yio—p
Yt—z —u =

Yipt1 — 1

0
Yi3—n + 0

Yt—p — M 0
In the state-space, companion form notation
Bi=F-Bi—1+&

«0O0r «F»r «=»r < > o™



Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting AR(1) ACF AR(p) Stability Yule-Walker Equations

Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1(Yio1 — p) + ¢ (Yia — ) +-'-+¢p(Yt7p — ) + v,

can be rewritten as a 1% order system

Yi—p G P2 o Dy D Y1 —p Vi
Yi1—p Yi o—p 0
Yio—p = Yi5—pn + 0
Yip1 —p Yip— 0

In the state-space, companion form notation

Bi=F-Bi—1+&
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Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting AR(1) ACF AR(p) Stability Yule-Walker Equations

Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1(Yio1 — p) + ¢ (Yia — ) +-'-+¢p(Yt7p — ) + v,

can be rewritten as a 1% order system

Yi—p G P2 o Dy D Y1 —p Vi
Y1 —p 1 0 0 0 Yio— 0
Yio—p = Yi5—pn + 0
Yip1 —p Yip— 0

In the state-space, companion form notation

Bi=F-Bi—1+&

222061-1617: Time Series Econometrics Lecture: Stationary Time Series Analysis



Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting AR(1) ACF AR(p) Stability Yule-Walker Equations

Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1(Yio1 — p) + ¢ (Yia — ) +-'-+¢p(Yt7p — ) + v,

can be rewritten as a 1% order system

Yi—p $1 P2 . Dyt D Y1 —p v
Yo —p 1 0 ... 0 0 Y2 —p 0
Yooop |_ |0 1 ... 0 o0 Yis—p | 4] 0
Yieps1 — pt 0 0 . 1 0 Yy —pt 0

In the state-space, companion form notation

Bi=F-Bi—1+&

and we are back in 1 order system.
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Consider a state space form

Bryj = FH8 i+ Fe+...+ Ferpjr + ey
AR(p) is stable and stationary if

lim FF =0
]—)00
e Shocks die out.

e i.e. when eigenvalues of F are inside unit circle (have modulus < 1).
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@ Consider equation

Fx = M\x.

x is eigenvector and ) is a corresponding eigenvalue
To compute the eigenvalue, write it as

(F — A)x = 0.

If x is a non-zero vector then
F — Al is singular

=

det(F — AI) = 0.
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Consider the AR(2)

Yi—pn= ¢1(Yt—1 - ﬂ) + ¢2(Yt—2 - M) + v
Then, in a matrix notation

Bi = FBi—1 + &,
where

_ Yi—n _ o1 P
S o I
Eigenvalues A of the matrix F solve

:det( ¢11_A fi ) =X\ — =0,
+

& + 4o

2

If | \;|<1 fori = 1,2, the AR(2) is stable .
«0O0r «F»r «=»r < > o>
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Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting AR(1) ACF AR(p) Stability Yule-Walker Equations

AR(p): Stability

@ For pth-order SDE, solve
N — N~ A=, =0

@ In general, the solution involves complex and real roots.

o The AR(p) system is stable if all eigenvalues are inside the unit circle.
Note: complex eigenvalues imply periodic behavior.

AR(2), ¢1=+0.4 ¢p=-0.5
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Recall that we could write down AR(p) process

Yi—p=¢1(Yim1 —p) + (Y2 —p) + ...+ §p(Yip — 1) + &1,
in the lag polynomial form
(L)Y, — p) =&,
where
H(L) =1—¢1L—gol? — ... — L.

The stability can be then studied through the characteristic equation

p2)=1—g1z— > —...—§’ =0

«0O0r «F»r «=»r < > o>



Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting AR(1) ACF AR(p) Stability Yule-Walker Equations

Roots of Characteristic Equation

@ The roots (z’s) of characteristic equation, ¢(z) = 0, are inverse of eigen-
values (\’s) of companion matrix F:

z=1/\
as

1 —diz— > —...— ¢p (I=Xiz) (1 —Xz) - (1 = A\p2)

1 /z= )1 /z=X) - (1/z=X)

e For |z| > 1 stochastic difference equation is stable and stationary.
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(L) can be decomposed into

(1 — 1L — ¢l —

—$plP) = (1= ML) = L) ... (1 - ML)
Factor the polynomial into AR(1) elements.
e Since Vi |\;| < 1then (1 — \,L)~! exists and so ¢p(L) ! exists

= (L) =L

for AR(p).
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Variance, covariances, autocorrelations, and dynamic multipliers have
the same p™-order form:

Var(Y) =7 = éim+om+...+ ¢y +0o°
Cov(Y,Yij) =7 = d1y-1+ o2+ 4+ dpip
corr(Y,Yi_j) =p; = ¢1pj—1 + d2pj—2+ ... + dppj—p

Vi = Qim0+ i,

«Or «Fr «=)>r 4«
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o AR(2) Example:

S(L)~" =(L) = (L)Y(L) = 1
(1 =1L — L)1+ L+pl>+...) =1
Then

L+ (1 — ¢1)L+ (b — d19p — p) >+ ... =1
v = ¢,
)

D11 + da,
Y

= g1+ dhia .
«O0r «4F>r «=Z)r «=)» = o™
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AR(2) Process:
Yi=c+o Y +&Yiar+s

@ Mean
p=c/(1—=¢1— )

@ Covariance
o= E[(Yi—p)(Yi—; — )]

= E[{¢1(Yim1 —p) + $2(Yi2 — p) + &} (Yij — )]
= O1vj—1 + P27%j—2

Mmo= G+ e
o
1 — ¢

Y2 = o+ v

_ St
= 70(1_¢2+¢2
«0O0r «F»r «=»r < o>
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@ Variance
7w = E[Y— N)(¢1(Yt—1 — )+ (Y2 — p) +&)]
= i+ boaya + 07
2
= [1f¢2 + ¢i¢(; +¢2] Y + o
1 — ¢
Y =

(1+¢2) [(1 = 62)2 - ¢}]

@ Autocorrelation

pi = ¢1pj—1+ Papia
p1 = ¢1+ b1

= ¢1/(1—¢)
pr = ¢1p1+



Syllabus  Stationarity ARMA AR MA Selection Estimation Forecasting MA(1) Invertibility PACF

MOVING AVERAGE (MA)
PROCESSES
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Recall Wold Form:

oo
Yo=p+Y Wy, &~ WN,
=0

MA(q) process : truncated Wold form.
Yt =

Y,

A+ 0181+ b+ -+ 045
w~+0(L)e,
OL) =1+ 0L+ 6,L% +...+0,L7.

e “Moving average” as Y; is constructed as a weighed sum of the ¢ most
recent values of €

«0O0r «F»r «=»r < > o>



Example MA(1)

Yi=p+e+0e_1=p+(1+0L)
Moments
e Mean
Elv] =
e Variance
Var(Y) =n0 = E[(Y:—p)’]

«4Or 4Fr «Er «E>» o>



Example MA(1)

Yi=p+e+0e_1=p+(1+0L)
Moments
e Mean
Elv] =
e Variance
Var(Y:) = E[(Y: — p)’]

El(er + 0ei-1)7]
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Example MA(1)

Yi=p+e+0e_1=p+(1+0L)
Moments
e Mean
Elv] =
e Variance
Var(Y:) = E[(Y: — p)’]

El(er + 0ei-1)7]

E[E? + 20,1 + 926,2_1]
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Example MA(1)

Yo=p+e+0s=p+(1+0L)
Moments
o Mean
E[Yt] = IL’
) Variance
Var(Y) = = E[(¥ = u)’]
E[(Et + O, 1) ]
= Ele

+295t6, 1+925t2 1]
= 2+0+92 .

«O» «Fr «=»r «E>» .



Example MA(1)

Yy=p+e +0e_1=p+(1+0L)

Moments
e Mean
E [Yt] = K,
e Variance

Var(Y) =~ = E[(Y: - p)’]
= E[(E,+96, )7
= Ele +295t5t 1+926,2_1]
= 2+0+92 2
= (1+697,

«4Or 4Fr «Er «E>» aq >



Example MA(1)

Moments

e Covariance

Yi=p+e+0s_1=p+(1+0L)

Cov(Y,, Y1)

M = E[(Y: — p)(Yim1 — )]

«4Or 4Fr «Er «E>» o>



Example MA(1)

Yi=p+e+0s_1=p+(1+0L)
Moments

e Covariance

Cov(Y,, Y1)

= i =E[(Y,— p) (Y1 — p)]
= El(e+0e-1)(e—1 + 021-2))]

«4Or 4Fr «Er «E>» o>



Example MA(1)

Yi=p+e+0s_1=p+(1+0L)
Moments

e Covariance

Cov(Y, Y1) = m=E[Y,—p)(Yio1 — p)]
= E[(Et + 95t—1)(5t—1 + 95t—2)]
= 05,

«4Or 4Fr «Er «E>» aq >



Example MA(1)

Yi=p+e+0s_1=p+(1+0L)

Moments

e Covariance

Cov(Y, Y1) = m=E[Y,—p)(Yio1 — p)]
= E[(Ex + 95t—1)(5t—1 + 96:—2)]
= 6o’

Cov(Y,Y—;)) = =0 Vj>1

e Autocorrelation Function

_oom o 6o° 0
= v (1+62)02  1+62
pi = 0, Vi > 1.
«O0r «4F>r «=Z)r «=)» = o™
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Invertibility of MA Processes

Consider MA(1)
Yi=p+ (1+6L)

e 0 and 1/0 give the same ACF

_m__ 9 1/6

0

11
pl_’yo_l-&-@z_l—l—e%_é?@;rl_1+02

Normalize € by using invertible MA representation.
o Example: Both
Y[ =&+ 0.55771
and
Y=+ 2

have the same autocorrelation function:
2 0.5 _
T 144 14(05)2

P1 0.4
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Invertibility of MA Processes

But for MA(1) with |0] < 1, there exists oo-order AR representation:

Yi—p = (1460L)e, 6] < 1,
(1 —0"L)e,, for 0" = —6

It can rewritten as

(I1—0"L)" (Yt 1) = ¢
(1 +0*L+0*2L2 )Y —p) =g
Yi—p = 0¥ —p )*9(Yt—Z*N)+93(Yz—3*/‘)---+5t

i.e. AR(co) with p(L) =1 +6 — 6% + 0> — 6* +
|#] < 1 is not a stability requirement, MA system is always stable. It
allows invertibility and AR(c0) representation.
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k"-order partial autocorrelation is the regression coefficient (for the
population) ¢y in k™-order autoregression

Yi=c+ouYi1+ oo+ .+ ol +e

It measures how important is the last lag.

it
v
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MODEL SELECTION
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Box-Jenkins Approach

Box-Jenkins GDP ACF PACF Box-Ljung Bootstrapping Selection Residual

Matching model with actual data
o Transform data to ‘“appear’ covariance stationary

We may have data that is not covariance stationary, e.g. GDP.

Box-Jenkins approach: maybe GDP is not covariance-stationary but some transformation of it is and

we can get forecast of it from transformed series.
o take logs (natural)
o differences
o detrend
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We can’t use ARMA model as the graph shows it’s not covariance stationary

series.
Also, not linear.
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Take natural logarithm.

LN(GDP)

AN(G0P)
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If we take first difference of the log series, we get growth rate of level series.

Dff In(GDP)

uw}m" -

It looks much more like AR or MA process.
Just looking at graph may not be enough.
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AR(1), ¢=+0.1
y: AR(D)
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AR(1), ¢= + 0.4







AR(1), p=+1
y: AR(1)
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AR(1), ¢=.(-0.2)
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AR(2), $1=.0.3 ¢,=.0.3
y: AR(2)

1, i u l m l H‘ n M M hwl1 | WLH e



MA(1), 6=.0.3
y: MA(1)

HHM lll“ llHi‘HLllH %m
A 'lH[ llf" 'IHIIH‘!




MA(1), 6=.0.7
ﬂs

_ZVV“VW'V “é&V‘ ‘U “\\VVV VJ'V%WWV \f




MA(2), 6,=.0.7 6,=.0.4




It’s not that bad, though:

AR(1), $=.0.5

1

[

AV |
1

LAV,
OWUmv e %

«Or «F»r « =)

«E=E >

DA




It’s not that bad, though:

AR(1), $=.0.9
v: AR(1)

A\ g
[ \f" 20

‘3_‘/\‘/‘ L
-2+

time
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Box-Jenkins Approach

Matching model with actual data
@ Transform data to “appear” covariance stationary

o take logs (natural)
o differences
e detrend

o Examine the sample ACF and PACF
We know that there is a 1-1 mapping between ACF and series
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ACF AR(1), ¢= + 0.6
1.0
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ACF AR(2), ¢1=+0.6 ¢,=+0.3
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0.8

0.6

0.4

0.2

ACF MA(1), =+ 0.7
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2 4 6 10
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ACFMA(2),0=+0.7 6,=+0.4
1O}
081
0.6+
04f
02F
2 i e

. . T Y
8 10
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1 T
y = szt’

Y o= = Z V(=i — ¥)s sample auto covariance estimate
Q=
Y .
P = = sample auto correlation
0
«4O0r <Fr «=)r» «=>» = Yo



@ Use OLS

Vi =cC+ duyi—1 + ...+ Quyi—k + &,
o Ify, ~ iid(u,c?), pj =0,

k=1,2,...
Vi£0 .
(no correlation across observation)
P 1
var(py) ~

and var(dw) ~ 1

T
This values are used when reporting bounds in ACF and PACF:
5%-95%: £1.96var(p;) or £1.96var ().
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Model selection

@ Assume we can reject iid, i.e. PACF and ACF show some significant
lags. How to determine which model is correct?

Process ACF PACF

AR(p) Exponential or oscillatory decay G =0, k>p
MA(q) pk=0,k>q Exponential or oscillatory decay
ARMA(p,q) decay begins at lag ¢ decay begins at lag p

@ But we have many models we can’t really discriminate between just by
looking.
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Box-Jenkins

Matching model with actual data
@ Transform data to “appear” covariance stationary

o take logs (natural)
o differences
e detrend

o Examine the sample ACF and PACF
o Estimate ARMA models

o Perform diagnostic analysis to confirm that model is consistent with
data
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Box-Ljung Statistics

@ Use modified Box-Ljung Statistics (Q-Stat) to test joint statistical
significance of py, ..., ok
L
k) =T(T+2)Y  ——p.
Q*(k) =T(T +2) —0i

T
i=1

o Under Hy : Y, ~ iid(11, ), Q" (k) & X2 (k).
@ For significance level a, the critical region for rejection of the
hypothesis of randomness (i.e. reject p; = ... = pr = 0) is

0" (k) > xi_a (k).

@ For smaller sample, empirical distribution has fatter tail and one needs
to move the critical point to the right .

222061-1617: Time Series Econometrics Lecture: Stationary Time Series Analysis



0.3

0.2

0.1

04}

X2(1)~distribution

a
o
v
a
]
v 1
a
it
v
a
it
v
it

Da



: L
8
«Or <Fr AEr «E>» N

X*(3)-distribution




Bootstrapping:

o takes available data and sample directly from them (randomly),
@ uses assumption that ¥; ~ iid(u1, o%): independence.
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Bootstrapping: example

Say we want to find small sample distribution of GDP growth rates

Ay

Ay,
0(1) =13.133

Ayr
@ Based on these data we can get Q*(1) = 13.133.

@ We know it has asymptotically x*(1) distribution.

o If we want small sample distribution, however, we can create new data
from old data set.
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Bootstrapping: example

@ Use random number generator that will pick a number from
i=1,...,T.
@ Take this number and take respective Ay;; repeat it T times.
Ayss i=34

Ayio0 i=100
. . , bootstrap sample

Ay27, i= 27,
o The reshuffling breaks any correlation between observations

— > it is just a random draw.

e Even if Ay, Ay, have some correlation, once bootstrapped (simulated)
they don’t have it anymore.
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Bootstrapping: example

It’s a draw from original distribution: has the same histogram as
original one.

Now, for this new series, calculate Q7 (1) = 3.21.

Do it again, get 2nd series (the same histogram). Get Q5 = 10.21
Repeat it 10000 times to obtain 10000 Q*(1)s.

All under the assumption of independence.
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Bootstrapping: example

@ Do a histogram of all 0*(1).

@ It will have x*(1) type of distribution, since each individual draw
should be from this distribution.

07 (1) Qiooa(1) =30.11 largest value
: sort them : :
0*(1) = : = '
Qio000(1) 0355(1) = 0.11 smallest value

o Look at the value of Q* (1) at place 500 and get a critical value for the
sample.

o Compare with the original one Q*(1) = 13.133.

222061-1617: Time Series Econometrics Lecture: Stationary Time Series Analysis



Syllabus ~Stationarity ARMA AR MA Selection Estimation Forecasting Box-Jenkins GDP ACF PACF Box-Ljung Bootstrapping Selection Residual

Bootstrapping

Bootstrap vs Monte Carlo:
@ Bootstrap: use the original data to construct empirical distribution.
@ Monte Carlo: instead of using data, make assumption for it, e.g.
InY, ~ iid(u1,0*) and make simulations using this assumption (don’t
have to use actual data).
@ Monte Carlo gives more power if Hy is true, but without any
assumption on distribution of the series, bootstrap can be applied.

Why small sample may have fatter tails than the asymptotic one?

@ Recall
kg A% 1z
O'(0=T(T+2) Y 7l b=z %i=7 D O=)0mi=),
! t=i+1

i=1

where y is estimated.
@ The other estimate y will affect Q* so for the finite sample we might be
off from the asymptotic distribution.
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Akaike Information Criterion (AIC):

AIC(p, q) = In(67) + %2(1: +49),

where the first term is responsible for the fit of the model and the second one
is a penalty for number of parameters.
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Schwarz (Bayesian) Information Criterion (BIC):

BIC(p, q) = In(6%) + % In(7T)(p + q),

where now penalty is related to sample size.

«0O0r «F»r «=»r < > o>
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Selection: AIC vs BIC

@ Calculate selection criterium for a set of estimated models and try to
find the one that minimize the AIC or BIC.

@ Result:
If p, g considered are larger than “true” orders

(1) BIC picks “true” ARMA(p,q) model as T — co.
(i1) AIC picks overparameterized model as T — oco.

@ For smaller sample it might be a a problem with choice BIC:
o Trade-off between efficiency and consistency:

@ Better to overparameterize than to have incorrect result.
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Residual Diagnostic

@ Use sample ACF and PACF of sample residuals.
o Compute Box-Ljung Statistics for sample of residuals:

0" (k) ~ X (k — (p + q)),

where (p+q) is a degree of freedom adjustment

@ Use LM test (it has higher power)
T- R2 ~ X2 (k>7
with R? computed from the regression

E=ctaé 1+ ... +Faé_+ v
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ESTIMATION
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@ Wold representation:

Y, =k + Z ¢j€t—j
j=0

& ~ WN(0,0?),
o AR(p):

v <o

J=0

Yi—p= ¢1(Yt—1—ﬂ)+¢2(Yt—2—H)+- - -+¢p(Yt—p_N)+5t7
e MA(q):

Er ~ WN
YVi—p=e+0i5_1+b00+...+ 9q5t—qa
o ARMA(p,q):

€tNWN

Yi—p= ¢)1(Yt—1_ﬂ)+"-+¢p(Yt—p_ﬂ)+€t+915t—1+~~+9q€t—q
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o OLS

-] MLE

® AR(D)

o MA(I)
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For AR(p), OLS is equivalent to Conditional MLE
@ Model:

Vi

c+Pry—1+ ..+ Ppyi—p &y
x;ﬁ +Eta

/8 = (C, ¢17 ¢2,
e OLS:

g ~ WN(0,0?).
.- '7¢p)7 Xy = (1,)7:—1,)%—2, .

R T -7
B = (Z xﬂ;) thyta
=1 =1

5'2

-3 Vi-p)

T—(p+D) > - xB)*.

=1
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Properties

Note:
e E[f] # 3 because x, is random and E(|Y) # 0 . But, if || > 1 for

¢(z) = 0 (or |\| < 1 for F) then,
5 vs 6yt

e Estimator might be biased but consistent, it converges in probability.

o Illustration:
¢ =0.7

Median = 0.686732
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Properties

Note:
e E[f] # B because x; is random and E(¢|Y) # 0 . But, if |z| > 1 for
¢(z) = 0 (or |\| < 1 for F) then,

328, 6t Lot
i

e Estimator might be biased but consistent, it converges in probability.

@ Illustration:
¢ =0.7

Median = 0.692907
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Note:

e E[f] # 8 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) =0 (or |A| < 1 for F) then,

Bip, 8ot

o Illustration:

o Estimator might be biased but consistent, it converges in probability.
¢ =07

06 07 08 09
Vedian - 0.698815
«0O0r «F»r «=»r < > o>




Note:

e E[f] # 8 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) =0 (or |A| < 1 for F) then,

Bip, 8ot

o Illustration:

o Estimator might be biased but consistent, it converges in probability.
¢ =07

06 07 08 09
Median - 0.699796
«0O0r «F»r «=»r < > o>




Note:
e E[f] # 8 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) =0 (or |A| < 1 for F) then,
gL B, 8L

o Estimator might be biased but consistent, it converges in probability.
o Illustration:
¢ =07

n = 5000

06 07 08 09
Median - 0.69975

«Or «Fr «=)>r 4«

it
v
it

DA




Note:
e E[f] # 8 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) =0 (or |A| < 1 for F) then,
gL B, 8L

o Estimator might be biased but consistent, it converges in probability.

@ Illustration:
¢ =0.7

06 07 08 09
Median = 0.699956
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Hypothesis testing

Hypothesis testing:

T
- 1
\/T(ﬂ - B) BN N(0,02V™h), Vv :plimr_wof thx;.

t=1

o If we have enough data (T — oo) then t-student will converge to
Normal distribution.

B— Aﬁo
SE(8)

tﬂ:BU —

~ t — student(T — 1) = N(0,1).
— 00

@ See Hamilton for a downward bias in a finite sample, i.e. E[3] < 3.
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If Y, ~ iid, joint likelihood is the product of marginal likelihoods (pdf)

LOWi,-..,yr) = fOr,-..,yrl0)

Different parameters have different probability of generating {y,...,yr}.

«4Or 4Fr «Er «E>» o>
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MLE

ARMA OLS MLE AR(l) CMLE Exact MLE MA(l)

If Y, ~ iid, joint likelihood is the product of marginal likelihoods (pdf)

L(éb)la

f

FanS

y1»~~-;}’T|§)

Fl0),

i~

~
Il

L(éb’z)»

-~

i

But if ¥, is not independent such factorization is invalid. Instead, factor into

conditional distributions.

f(Y1,Y>10)
f(Yla YZ) Y3|0)

LOly1,...,yr) =f(Y1,...,

222061-1617: Time Series Econometrics

f(Y2|Y17~) (Y1|0~)7
V3|V, Y1, 0)f(Ys, Y1]6),

T
Hf Yt|Yt Iy«-- Y23Y17 )(Yl‘a)
1=
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MLE

Conditional MLE assumes Y fixed (not random). It’s just a simplifying
assumption.

T

LOyr,....yr) = [[fW]Yimr,. . 1, 0).

t=2

Given normality, first order conditions of maximization L¢ are linear in

0

o For AR models ¢MLE & OLS.
e Conditional MLE is consistent. (It’s not so efficient as we ignore

randomness of Y;.)

e Exact MLE requires non-linear optimization.
@ Often we don’t know distribution of the the data. One thing that is

assumed in OLS is the € ~ WN.

Assuming normality in CMLE is not a bad assumption as we still get
consistent estimator: quasi MLE. (see Davidson and MacKinnon.)
We don’t get unbiasness in any of MLE. What can be done is to
compute what the bias is and correct for it.
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Recall: AR(1)

Y, =c+ oY1 + &1, £ ~ iidN(0,0?%),

|| < 1.
o If we don’t believe in normality of €, , we have quasi-MLE.
o If we do: MLE.

Ife ~ Nsois Y;|Y,—; ~ N:

Y,|Yi—y ~ N(c+ ¢Y:_1,0%)
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o If we know Y,_ the only term that is random is &;,.

1
f(y:b’t—la 9) =

PR
e 202

2mo?
where 6 = (c, ¢, ?)

(i—c—¢yi—1)*
)
@ What about Y;?

Y

~ N(E[Y],var(Y:))

N(M’l——gbz)’

¢
p=1 e
o If ¢ = 1 no unconditional mean or variance exist.
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Maximum likelihood

T
L@y, ....yr) =f(0110) x [[f Gilye-1.0)
ie.

=2

_ 1
L(0|y1, ..

1 c )2
1) = e A )
2
V27 (725)

=~

@ Need to solve non-linear optimization problem.
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Recall

Yi=p+e+ Oci—1,

& ~ iidN(0,0%), 0] < 1.
|6] < 1 is assumed for invertible representation only.

Figure: Bi-model likelihood function for MA process
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Estimation MA(1)

Yt|€l—] ~ N(M+0€t—lao—2)7
~ 1 i

e 7 (yi—p—0e— )2

€—1,0 —_— ,
f(yl|tl ) \/m

6 = (u,0,0%).
@ Problem: without knowing €,_, we don’t observe €,_1.
Need to know €,_, toknowe,_1 =y, — pp — Og,_5.
@ But ¢,_, unobservable.
@ Assume gy = 0.

@ Make it non-random, just fix it with number 0.
The trick works with any number.
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Y1|50 ~ N(,U’v 02)5

Vi = pta=ea="—p
V) = pte+be=ea=Y—pn—00 —p),
& = Yi—p—0Y_1—p)+...+ =)0y - p).

@ Conditional likelihood (g9 = 0).:

1 1

2
e 22,

L6 yees YT, €0 =0) =
(|y1 yrs €0 ) I;IIW

o If |#] < 1 (much less), €y doesn’t matter, CMLE is consistent.
@ Exact MLE requires Kalman Filter.
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FORECASTING
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Simple Model

With estimated parameters of the model we can make a forecast about
the future behavior of the variable of interest.

Simple Model:

Yi=c+ oY1+ g~ WN,

Today’s GDP growth depends on yesterday’s GDP growth,

Relationship given, for example, by economic theory.

Once agents know the structure of the model they can form a forecast.
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Denote:

{Y,} — covariance-stationary process, e.g. ARMA(p, q),
), — information available at time ¢,
Y*

41t

— forecast of Y;4; based on €);.

e In our simple model it is Y,y given Y;.
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Loss Function

Diebold-Mariano

@ We want to assess how good the forecast is.

@ Assume people don'’t like mistakes in any direction.

Rule: evaluate forecast with a quadratic loss function:

min E[(Yip1 — ¥y y,)2) = MSE(Yi1, Y/y),)-

t t

Result: The minimum MSE forecast of ¥;;| based on €, is E[Y,41]€].

@ Y, is modeled as a random variable (have the whole distribution) but

it’s behavior is summarized by its mean.
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Linear Projection

@ Y,y may be very complicated and calculating E[Y;,|€),] might be very
cumbersome.
o If E[Y,11]€2] difficult to compute, use “best linear forecast”.

Xi, ., — variables in €2, “useful” for prediction

@ Linear projection:
Yijr0 = o Xy =a Xy + ..+ Xy,

where
E[(Y,H—a'X,)-Xi]:O, i=1,...,p.

e p moments conditions ensure that error is orthogonal to any information
in §:
e forecast errors are uncorrelated with past information.
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MSE Linear Forecast

Result: The minimum MSE linear forecast of Y, is a linear projection.
@ For Gaussian (Normal) process: E[Y;41|€] = At+1|,.
@ Linear projection is optimal in Gaussian case.
e How do we deal with as ?
° f’,+1‘, = a’X; can be thought of as computed by OLS,

e If {X;, Y:} is covariance stationary and ergodic, b L5 o, ie. OLS
estimate, b, converges in probability to the true value, o

@ Optimality is defined in terms of quadratic loss function.
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Solve Wold form

Y —p =

w(L)ﬁt, 5[ ~ WN
(L) =D W, =1, Y 4 <oo
Jj=0 Jj=0
Yt+s =
Yt+1|t = p+ e+ Ysprg1 .

ot Eps + V1Eiqps—1 + o F e Yspig-1 + L

o the last line uses information available at time t and E,[,1;] = 0, i > 0.
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MSE(IA/H_SV, Yigs) = El(& + et + - 4 Ys1841)]

= (P + 93+ ) Svar(Yey).
variance.
But,

lim o

§—00

o We are better off with linear projection than with unconditional

2 Z 1/),% =var(Y,).
k=0

o Upper limit for uncertainty is as high as the unconditional variance.
«4O0r <Fr «=)r» «=>» = o>
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E.g. AR(1):
Yi—p=¢Yi—1 —p) +&
One period ahead forecast:

I?t+1|t =pu+ ¢(Yt - M)

Using Wold formulation:
7/)]' = ¢>,I7
= ?H_slt = W —+ ¢s€t —+ ¢s+l€t_1 + ...
= pt¢'Et+a+...)
ot (Y — p),
1
. o 2 _
sllgloMSE = o1 x 7 var(Y;).
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E.g. MA(1):
¢0:17 ¢1=97 7%‘:0, Vj>1,
yt+1|t p+ 0, &= (Y, —p) — 04,1,
?t+s|t s Vs >1
lim MSE =
§—00

o*(1 +0%) = var(Y,).
Forecast error is just a deviation of the series from the long-run
unconditional mean.
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E.g. AR(2):
Yi— o1 P Y1 —p &
Y1 —pu = 1 0 Yio—p | + 0
6[ F IBI—l Vt
Bt = Fﬂt—l + Vi
Then,
Bt+s|t = Fv+ Fs+lvt—1 + ...
Fs(vt + th_l + .o .) = Fs,Bt.
Let
) 1(IS) 1(Zs)
F=1"% 06
21 22
Then,

Yt+s|t = +f1(1s)(Yt — ) +f1(2S)(Yt—l — j)

«0O0r «F»r «=»r < o>
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Finite-sample forecast

Forecasts based on Wold form assume infinite number of observations.

We don’t have them in reality.
For finite number of observation:

@ use approximation: set presample €, = 0,
e do exact finite-sample forecast.

Kalman filter calculates linear projections for finite number of
observations,
o exact finite-sample forecast,
o allow for exact MLE of ARMA models based on prediction error
decomposition.

See Hamilton chapter 4 for alternative.
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Forecast accuracy

o {Y,} is the series to be forecast.
o {Y t:_h‘ .} and {Yl2+h .} are two competing forecasts of Y, based on €2;.
(for example, from an AR(p) and ARMA (p,q) models, respectively)

@ Forecast errors from the two models are

1 _ 1
Eipn)r = Yeth = Yign|os

2 _ 2
Eiknle = Yeth = Yign|os

. . . 1 T
producing series of serially correlated forecast errors {, +h| Hos

2 T
{€z+h|r}to’
o h-step forecasts use overlapping data.
@ Forecast accuracy can be measured by a loss function

L()’z+ha}’£+h\z) = L(€§+h\t)

o squared error loss:  L(gj ;) = (1,4,)%,

o absolute error loss: L(g,4,,) = |€ppy|-
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@ To test if one model predicts better than another consider null
hypothesis

HO :
against

E (L) =B (L)

Hi: o E (L) # E (L)
@ Define loss deferential
d; = L(5;1+h|z) - L(5z2+h|z)-
@ The null hypothesis of equal predictive accuracy is

HO . E(dt) =0.
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Diebold-Mariano test

@ The Diebold-Mariano test statistics is

S=———"p=7_ 1/2
(avar(d)) (LRV(;/T)
where
1 T
d = > d
To 1=t
LRV; = y0+2) %, v = cov(d;,di-)
j=1

and LRV 7 18 a consistent estimate of asymptotic (long-run) variance of
VTd

@ Diebold-Mariano (1995) show that under the null of equal predictive
accuracy

S AN, 1).

e Reject the null of equal predictive accuracy at the 5% level if |S| > 1.96.

e One sided tests may also be computed.
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